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ABSTRACT

We survey and extend results on the complexity of machine scheduling problems.
After a brief review of the central concept of NP-completeness we give a
classification of machine scheduling problems and study the influence of
various parameters on their complexity. NP-completeness is established for

a large number of machine scheduling problems. We finally discuss some ques-

tions that remain unanswered.
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INTRODUCTION

1 this paper we study the complexity of machine scheduling problems. Sec
contains a brief review of recent relevant developments in the theory o
>mputational complexity, centering around the concept of NP-completeness
classification of machine scheduling problems is given in section 3. In
sction 4 we present the results on the complexity of these problems: a 1
mber of them turns out to be NP-complete. Quite often a minor change in
>me parameter transforms an NP-complete problem into one for which a pol
smial-bounded algorithm is available. Thus, we have obtained a reasonabl
1sight into the location of the borderline between "easy" and "hard" mac
-heduling problems, although some questions remain open. They are briefl

iscussed in section 5.




COMPLEXITY THEORY

zcent developments in the theory of computational complexity as applied to
>mbinatorial problems have aroused the interest of many researchers. The
ain credit for this must go to S.A. Cook [6] and R.M. Karp [19], who first
tplored the relation between the classes P and NP of problems solvable by
sterministic and non-deterministic Turing machines respectively, within a
mber of steps bounded by a polynomial in the length of the input. Roughly
>eaking, P contains all problems for which a polynomial-bounded, good [T]
~ efficient algorithm exists, whereas all problems in NP can be solved by
ylynomial-depth backtrack search.

In this context, all problems are stated in terms of recognition prob-
sms which require a yes-no answer. An optimization problem of, say, mini-
lzing some criterion, is therefore replaced by the problem of determining
1e existence of a solution with value < y, for some y.

For two problems P' and P, we say that P' Zs reducible to P (notation:

' « P) if for any instance of P' an instance of P can be constructed in
>lynomial time such that solving the instance of P will solve the instance
> P' as well. P' and P are equivalent if P' « P and P « P'. P is called
—complete [20] if P ¢ NP and every problem in NP is reducible to P.

It is clear that P < NP, and the question arises if this inclusion is
proper one or if, on the contrary, P = NP. Although this is still an open
oblem, the equality of P and NP is considered to be very unlikely and most~
»ts [20] have been going in the other direction. This is mainly due to the
»llowing remarkable results.

Cook proved that each problem in NP is reducible to the SATISFIABILITY
‘oblem, which consists of determining if a given boolean formula in conjunc-
.ve normal form is true for some truth assignment to its variables. It was
2xt shown by Karp that SATISFIABILITY is in turn reducible to a large number
> notorious combinatorial problems in NP. It follows that all these problems
‘e NP-complete. A polynomial-bounded algorithm for any of them thus would
.eld good algorithms for all problems in NP. Given the fact that difficult
‘oblems such as TRAVELLING SALESMAN, SET PARTITIONING and KNAPSACK are typ-
rally NP-complete, the existence of such an algorithm (and thereby an affir-
itive answer to the P = NP question) seems highly unlikely.




Karp's work has led to a large amount of research on the location of the
orderline between problems in P and NP-complete problems. It turns out that
- minor change in a problem parameter (notably - for some mystical reason -

n increase from two to three) often transforms a problem solvable in poly-
omial time (e.g., BIPARTITE MATCHING) into an NP-complete one (3-DIMENSIONAL
ATCHING). Not only does knowledge of the borderline lead to fresh insights

s to what characteristics of a problem determine its complexity, but there
re also important consequences for practitioners facing these problems: es-
ablishing NP-completeness can be interpreted as a formal justification to

se enumerative solution methods such as branch-and-bound, since no substan-
ially better method is likely to exist. Embarrassing incidents like the pre-
entation in a standard text-book of an implicit enumeration approach to the
HINESE POSTMAN problem, for which a good algorithm had already been develop-
d [8] (see also [9]), will then occur less readily.

The class of machine scheduling problems seems an especially attractive
bject for this type of research, since their structure is relatively simple
nd there exist standard problem parameters that have demonstrated their use-

ulness in previous research.




MACHINE SCHEDULING PROBLEMS

chine scheduling problems can be verbally formulated as follows [5;31]:
"A job Jj (j = 1,...,n) consists of a sequence of operations, each of
which corresponds to the processing of Jj on some machine M, (i =
1,...,m) during a given period of time. Each machine can handle at most
one job at a time. What is according to some overall criterion the opti-
mal processing order on each machine?"
e following data can be specified for each Job Jj:
a number of operations ms3
a machine order My i.e., an ordered mj—tuple of machines;
a processing time pjr of its r-th operation, r = 1,...,mj;
a wetght Vs
a release date or ready time rss
a due date dj'
assume that all data (except uj) are nonnegative integers, and, unless
ated otherwise, that all jobs are available at time 0 (i.e., rj = 0 for:each
). Given a processing order on each machine, we can compute for each job Jj:
the starting time Bj;
the completion time Cj;
the lateness Lj = Cj - dj;
the tardiness Tj = ma.x{O,CJ. - dj};
Us = if C, < d; then O else 1.
chine scheduling problems are traditionally classified by means of four pa-
nreters n, m, £, k. The first two parameters are integer variables, denoting
> numbers of jobs and machines respectively; the cases in which m is con-
int and equal to 1, 2, or 3 will be studied separately. If m > 1, the third
rameter takes on one of the following values:

L

F in a flow-shop where m; = m and My = (M1,...,Mm) for each job Jj;
2 =P in a permutation-shop, i.e., a flow-shop where passing is not per-
mitted so that each machine has to process the jobs in the same order;

2 = G 1in a (general) job—shop where m; and uj may vary per job Jj5

2 =1 in a parallel-shop where each job has to be processed on just one

of m Zdentical machines, i.e., m'j = 1 and uj is not defined for any Jj'




ns to more general situations where several groups of identical ma-
re available will not be considered.
fourth parameter indicates the optimality criterion. The following

e functions have frequently been chosen to be minimized:

= max C.:

max 1<€jsn 73°?
J=n
w.C. = )% w.C.s
) J7J zJ=1 Jja’
Lmax = 18X <j<n Lj;
Jw.T. = J9°0 .1, ;
J7J J=1 7373

ZW.U. Jin w.U..
JJ =1 "37J

to [31] for relations between these and other optimality criteria.

2 relevant problem variations are characterized by the presence of
>re elements in a parameter set A, such as

) (possibly non-equal ready times for the jobs);

) (a possibly non-zero ready time for one job, say Jn);

KSO (only schedules whereby all due dates are met are to be consid-

ered; in this case we assume that k ¢ {C ,ZW.C.});
max’t"j " j

\9

(precedence constraints between the jobs, where "Jj precedes Jk"
(notation: Jj < Jk) implies Cj < Bk);

(precedence constraints between the jobs such that the associated

W

precedence graph can be given as a branching, i.e., a set of di-
rected trees with either indegree or outdegree at most one for all
vertices);

)ait (no wailting time for the jobs between their starting and fin-
ishing times; hence, Cj = Bj + zr pjr for each Jjob Jj);

o, (a constant upper bound for the number of operations per job);

irSp* (constant lower and upper bounds for the processing times);

| (equality of the weights).

>f the above discussion, we can use the notation
n|m|2,A|k

ite specific machine scheduling problems in the remaining sections.




COMPLEXITY OF MACHINE SCHEDULING PROBLEMS

L machine scheduling problems of the type define
polynomial-depth backtrack search and thus are

The results on their complexity are summarize
ich are marked by an asterisk (*) are solvable i
we provide for most of these probleﬁs reference
2stion can be found. The problems marked by a no
-complete. Question-marks (?) indicate open prob
section 5 to motivate our typographical suggest
tely to be NP-complete.

Table I contains the "hardest' problems that
> "easiest" ones that have been proved to be NP-
b>le I indicates to the best of our knowledge the
tween easy and hard machine scheduling problems.

We will give a simple example of the interact
sorems in this section by examining the status o
n, indicated by n|m|G|Cmax.

In Table I, we see that the n|2|G,ij2|Cmax P
it two minor extensions of this problem, n|2|G,m
> NP-complete. By Theorem 1(c,#), these problems
reral job-shop problem, which is thus shown to b
>). Table II refers to Jackson's polynomial boun
2|G,mjs2|Cmax problem. Table III tells us that r
sh NP-complete problems are presented in Theorem
KNAPSACK is recalled in Theorem 2(b).

Theorem 1 gives some elementary results on re
1eduling problems. It can be used to establish e
-completeness for problems that are, roughly spe
at the polynomially solvable ones or not easier

Table I.

J0REM 1.

) Ifn'|m'|2',A"|k" « n|m|2,A|k and n|m|[2,\ |k €

) If n'|m'|2',A"|k" = n|m|2,A|k and n'|m’|2",)"
n|m|2,\|k <8 NP-complete.

ection 3 can be solved
s of NP.

able I. The problems
nomial time; in Table
e the algorithm in
exclamation (!) are

we will return to them

at these problems are

own to be in P and
te. In this respect,

ion of the borderline

tween the tables and

general job-shop prob-

is a member of P and
oy 204 nl3|G,mjs.2|cmaX,
pecial cases of the
omplete by Theorem
gorithm [17] for the
ons from KNAPSACK to

); the NP-completeness

lity among machine
membership of P or
either not harder

he NP-complete ones

en n'|m'|2',A"|k" € P.

NP-complete, then




njm'|2,A |k « n|m|2,A|k 2f m' < mor Zf m' s constant and m is variable.
n|2|F|k and n|2|P|k are equivalent.

n| 3| F| Coax 4 n| 3|P‘Cmax are equivalent.

n|m|F,A|k « n|m|G,\|k.

n|m|2, |k = n|lm|2, A" |k Zf A" < {rjzo,rHZO,LmaXSO,prec,tree}.

n|m|2, x|k « njm|2,A|k Zf A" < {ijm*,1Spjr$p*,Wj=1}.

nlm|2,AlC = n[mlz,A[LmaX.

n’mlz,k\ijcj © nImIZ,A|ZW.Tj.

n|m-1|F,r 20,A|k = n]m|F,>\fk if A e fws=1l,

n'|mlI,prec,1Spj1Sp*‘Cmax « n|m|I,prec,1Spj1sP*,wj=1IijCj.

of. Let P' and P denote the problems on the left-hand side and right-hand

e respectively.

b) Clear from the definition of reducibility.
Trivial.

e) P' has an optimal solution with the same processing order on each ma-
chine [53;31].

g,h) In each case P' obviously is a special case of P.

Jj) Take dj =0 (j=1,...,n) in P.
Suppose that in P' the machines and the operations of each job are
indexed from 2 to m. We specify P by adding a machine M1 and defining
Piq =T (3 =1,...,n) (i.e., Pyq = ++- =P 4 4=0,DP ;2 0). Any
solution to P' corresponds to a solution to P with the same value for
k, and vice versa.

Any instance of P' has a solution with value Cm < n'p,. We construct

ax
a corresponding instance of P by choosing y', 0 < y' < n'p_, defining

n" = (n' - 1)y’
n = n'+n"
y = ny' + %nn(nn +1)

and adding n" jobs It (k =1,...,n") to P' with

Phrx 1 =1

J. < d_,
J n'+k
Now P' has a solution with value < y' if and only if P has a solution

(3 =1,...,n"+k-1)

with value < y:

1 j‘n < 11 k=n ' -
Cmax =y = zj=1 cj =Ry # zk=n'+1(y +k) =y
. J=n , k=n . -
Coue > 7' = zj=1 Cj >y o+ zk=n'+1(y +1+Kk) =y 0
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ABLE I. COMPLEXITY OF MACHINE SCHEDULING PROBLEMS

n jobs| 1 machine 2 machines m machines
Cmax * rjzo,prec * F ! m:=3:F
* F,no watt - ? m=3:F,no watt
! F,rnzo ! F,no waitt
! F,tree
* G,m.<2 * n=2:G
! G,m.<3 ! »=3:G,m.<2
'I * I,tree,pj1=1
* I,prec,pj1=1 ? m;B:I,prec,pj1=1
! I,prec,15pj1s2 ! I,prec,pj1=1
Yw.C. |* tree ! Fow.=1 ! F,no wait,w.=1
J7d J o J
? prec,wj=1 ? F,no wav,t,wj=1
1 > - T 7 7 I D
: rn_o’wj 1 'I * I,r.20,p 1—1
* I <0,w.=1 =
max J * T,w.=
- L <0 ! < < = ] =
max : I,prec,1~pijﬁ2,wj—1 : I,prec,pj1—1,wj=1
rec !
max | p F
* r.20,p.. =1
J SPJ1
!'r 20
n
w.T. |* r.20,p.,=1 ! Fow.=1
) S 37751 S0
? w.=
!
! r 20,w.=1
n
w.U. |* r.20,p..=1 ! Fow.=1
) S 35P5 73
* w.=1
d
* 1Spj1Sp*
!
! r 20,w.=1
n J

problem in P: see Table IT
open problem: see section 5

NP-complete problem: see Table III




BLE IT. REFERENCES

LYNOMIAL~BOUNDED ALGORITHMS

oblem

eference

1lr.20,preclc
1[tree[2wj0j
1|Lmaxso,wj-1|2ch

max

1|prec|LmaX
1lrj20,pj1=1leax
.2 L= .T.
1IrJ>O,pJ1 1|ZwJ ;
> = .U.
1|rj_0,pj1 1|ZWJUJ
1|W-=1|ZW-U.
J J

1|1Spj1SP*|§ijj
2|F|cC

max
2| F,no wait|c

max

2|¢,m.<2|C

J max
ZII,prec,pj1=1|Cma
m|G|C

max
mII,tree,pj1=1|Cma
mlI,rJZO,pj1=1|2wj

mII,Wj=1|ZWjCj

orn [13]; Sidney [333;34]
mith [35]

awler [23]

orn [15]

awler [22]

awler [24,Ch.T7]; Lageweg [21]
oore [27]

awler & Moore [25]

ohnson [18]

ilmore & Gomory [11]

ackson [17]

offman & Graham [k4]

zwarc [36]; Hardgrave & Nemhauser [1

u [16]

onway et al. [5]; Horn [14]; Bruno e [3]




. The proofs of Theorem 1(ec,k) involve processing times equal to O,
ng that the operations in question require an infinitesimally small

. of time. Whenever these reductions are applied, the processing times
. transformed into positive integers by sufficiently (but polynomially)
ing the problem data. Examples of such constructions can be found in

'0oofs of Theorem 4(g,h).

maining part of this section will be devoted to the NP-completeness
for the problems, marked by a note of exclamation in Table I. The
ions for these problems are listed in Table III. They involve four

s from Karp [19] and a minor extension, as collected in Theorem 2.
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\LE IIT. REDUCTIONS TO NP-COMPLETE MACHINE SCHEDULING PROBLEMS
luction Reference
TITION « nlelllcmax Bruno et al. [3];
h.1l., Theorem 3(a)
\TITION = n|2|I|)w.C. Bruno et al. [3],
JJ h.1l., Theorem 3(b)
\PSACK « n|1|rn>O,WJ—1|ZWJCj h.l., Theorem L(a)
PSACK = n[1|L___ <o]ZchJ h.1l., Theorem 4(b)
PSACK « n|1|r_20|L h.1l., Theorem k4(e)
n max
PSACK « n|1]||)w. TJ h.l., Theorem L4(d)
PSACK « n|1]||)w.U. Karp [19];
J7d h.1l., Theorem 4(e)
PSACK « n|1|r 20 ,WJ—1|ZW .U. h.1l., Theorem 4(f)
PSACK « n|2|F, rn_olcmax h.l., Theorem L4(g)
PSACK « nl2|F,tree|cmax h.1l., Theorem 4(%)
PSACK « n|2|G,m,jS3{Cmax h.l., Theorem 4(Z)
PSACK « n|3]a, S zlcmax h.1l., Theorem L(j)
ECTED HAMILTONIAN PATH « n|m|F,n0 wazt[Cm h.l., Theorem 5(q)
ECTED HAMILTONIAN PATH « n|m|F,no wazt,w =1 Jw. 5C; h.l., Theorem 5(b)
ATISFIABILITY « n|2|I,prec,1<p. 1<2|c Ullman [37]
SATISFIABILITY « n|m|I,prec,p. 51 1| , Ullman [37]
lrn_o w.=1|)w.C. « n|1|r O,w —1|ZWJTJ h.l., Theorem 1(J)
lrnZO,W.=1IZW.Cj o« nl2|F,WJ"1 ZWJCJ h.l., Theorem 1(k)
|r 20lL . = n|2|FlL h.l., Theorem 1(k)
|rn20,w.=1|2w.T. « n|2|F,wJ=1IZwJT h.l., Theorem 1(k)
lrnzo,w.=1l2w.U. « n!2lF,WJ—1|ZWJUJ h.l., Theorem 1(k)
|F,r 20[C . = ni3lF|cmax h.l., Theorem 1(k)
2[1,prec,15p.1s2|0max « nl2]I,prec,1$pj1s2,wj=1lijCj h.l., Theorem 1(Z)
m‘I,prec,pj1=1|Cmax « nlmlI,prec,pj1=1 ,wj=1|2ijj h.1l., Theorem 1(7)




.EM 2. The following problems are NP-complete:

PARTITION

Given positive integers Biseer By, does there exist a subset S c T =
{1,...,t} such that Zjes a
KNAPSACK

=) .?

5 = Liens o

Given positive integers 830 es8 ,b, does there exist q subset S c T =
= p?

{1,...,t} such that Zjes a; = b

DIRECTED HAMILTON CIRCUIT

Given a directed graph G' = (V',A'), does G' have a hamilton circuit

(i.e., a directed cycle passing through each vertex exactly once)?
DIRECTED HAMILTON PATH

Given a directed graph G = (V,A), does G have a hamilton path

(i.e., a directed path passing through each vertex exactly once)?
3-SATISFIABILITY

Given clauses CqsevesCls each consisting of at most three literals from
the set X = (x1,...,xn,§1,...,§n), 18 the conjunction of the clauses
satisfiable, Z.e., does there exist a subset S c X such that

- S does not contain a complementary pair of literals (xj,ij);

- S n Ci # @ fori=1,...,m?

c,e) See Karp [19].
DIRECTED HAMILTON CIRCUIT « DIRECTED HAMILTON PATH
Given G' = (V',A'), choose v' € V' and construct G = (V,A) with

V=v"u{v"}
A= {(u,v)|(u,v) e A"y, v#v'} u {(u,v")]|(u,v') € A"}
G' has a hamilton circuit if and only if G has a hamilton path. 0

eorems 3, 4, and 5 we present a large number of reductions of the form
|m| 2,7k by specifying n|m|2,A|k and some y such that P has a solution
d only if n|m|2,A|k has a solution with value k < y. This equivalence
oved for some principal reductions; in other cases, it is trivial or
from the analogy to a reduction given previously. The NP-completeness
mil,klk then follows from the NP-completeness of P as established in

em 2.
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lrst, we briefly deal with the problems on identical machines. Theorem 3
~esents two reductions which are simplified versions of the reductions

lven in [3].

IEOREM 3. PARTITION Zs reductble to the following problems:
1) n|2|I|Cmax
) n|2|IIijCj

»00f. Define A = zjeT aj.
z) PARTITION « n|2|Ilcm

ax
n=t
.., = a. 1 € T
P31 - (j e
y = 2A
>)  PARTITION « n|2|IIijcj
n=t

., = W. = a. j €T
Piq =V 3 (J )1 i
Y = L5 xer,j<k 23% T WA
Suppose that {Jj!j € 5} is assigned to M, and {lej e T-S} to M,; let
1 . . .
= ). . - 3A. Since p., = w. for all the val f .C. 1s t
c zJeS a; 3 P31 i Jos value o ZWJ 51 no
influenced by the ordering of the jobs on the machines and only depends

on the choice of S (ef. [53311):
w.C. = k(S).
z Jd Jd ( )
It is easily seen (cf. Figure 1) that

k(T) - (szS aj)(ZjeT_s aj) =

k(8)
- 3 3 - = 2

Zj,keT,jSk ajak (3A + c)(2A - ¢c) =y + c*,

and it follows that PARTITION has a solution if and only if this

n!QIIIZWJCj problem has a solution with value < y. ]
S T-S S
My | l My L |
T-S
M2 L M2 L ) -
value k(T) value k(S)
Figure 1

MATHEMATISCH CENTRUM
AMETERDAM

fBLIOTHEER
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Most of our results on different machines involve the KNAPSACK problem, as

demonstrated by Theorem L.

THEOREM 4. KNAPSACK <8 reducible to the following problems:
(a) n|1|rn20,wj=1121~"jcj
(b) n|1|Lmaxso|ijcj
(e) n|1|rnzo|Lmax

(d) nl1l|szTj

(e) n|1][Yw,U;

(f) n|1|rn20,w.=1|2ijj
(g) nIEtF,rnzo Coax

(h) n|2|F,z&ree[Cmax

(2) n|2|G,ij3|Cm
(3) nl3le,mss2fc

ax
ax

Proof. Define A = ZjeT aj, a, = maxjeT
The reductions will be presented roughly in order of increasing complexity.

(3) KNAPSACK = n|2|G,m,<3[C

aj. We may assume that 0 < b < A.

ax
n=1t+ 1
uy = (M), Piq = 8j (j eT)
My = (M MuMy) s 2y =By R =1, By =A =D
y=A+1

If KNAPSACK has a solution, then there exists a schedule with value

max - Yo 88 illustrated in Figure 2. If KNAPSACK has no solution, then
jeS a. —b=c # 0 for each 8 ¢ T, and we have for a processing order
({Jj|j e 8}, I, {Jj|j € T-5}) on M, that

c>0 = C A+c+1>y

>
max zjeS pj1 TP * Pn3

c<0 = C 2 p =A-ct+1>y

nt F Pt ZjeT-s Py
It follows that KNAPSACK has a solution if and only if this

n[2|G,ij3}CmaX problem has a solution with value < y.

n
My L B |

Figure 2
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') KNAPSACK « nl3lG,mjszlc

max
n=t+2
Uj = (M‘I’Ms)’ Pj1 = pj2 = a.j (J e T)
Mpoq = (MpaMp)s oy g g =By By p = 2(A - D)
un = (M2:M3): pn1 = 2b3 Pn2 =A-D
y = 2A

If KNAPSACK has a solution, then there exists a schedule with value

max 7> 88 illustrated in Figure 3. If KNAPSACK has no solution, then

jes a. - b =c#0 for each S ¢ T, and we have for a processing order
({Jj|J es}, g . {leJ ¢ T-8}) on M, that

: + =
Psq ¥ Py qq TP p=2htc>y

c>0 = C > zjeS i 0

max

v

c<0 = C

IEEh

g1
=2A+ 1>y

which completes the equivalence proof.

no

A+b 2A

w
o
o
N
T — b

Figure 3

]
¢) KNAPSACK « n|1|rn20|Lma and

X
f) KNAPSACK « n|1|rnzo,wj=1|2wjuj
n=t +1
rs = 0, Piq = 855 dj =A+1 (jJeT
r =b,p =1, 4 =Db+1
y=0
Cf. reduction (¢) and Figure L.
S n T-S
p & B ]
t t 1 !
0 b b+l A+l
Figure k4

FPhq T 1’pn1} P * zjeT—S Pso =




KNAPSACK = n|2|F,r 20]|C
n m;

ax
n=1t%t+1
rj =0, Pj1 = tajs Pj2 =1 (j eT)
r =tb,p, =1, Dp,= t(A - b)
y=t(A+ 1)

I[f KNAPSACK has a solution, then there exists a schedule with value

max <y, as illustrated in Figure 5. If KNAPSACK has no solution, then

. a. -b=c# 0 for each S ¢ T, and we have for a processing order

~JeS 7]
({lej €8}, I, {lej € T-S}) on M, that

~
v
)

1

c>0 = C t(A+c)+1>y

max = Ljes P51 * Pyy ¥ P

c <0 = Cm =t(A-c)+ 1>y

ax = Tn ¥ Pn1 7 zjeT—S P31

Figure 5

KNAPSACK « n|2|F,tree|C
max

n=1t+2
Pj1 ='taj: sz =1 (jeT)
Pho11°7 1 Pho12 7 tb
Py, =1 1p, =tla-D)
J < dJd
n-1 n

y=t(A+ 1) +1
Jf. Figure 6. We have for a processing order ({lej € R}, J 1

703 : e T_S-
SRR s}, 7, {leg € T-S-R}) on M, that

REP = Cmax z b+ Pn—1 1 * pn—1 2 * Pn1 + Ppo =t(A+1)+2> y

The remainder of the equivalence proof is analogous to that of reduction

(9).

-1 S n T-S
5| 2 1
n-1 S
|BRBRRRRRRRRRRERRe3
t 1 Pt
1 tb+1 tb+|S|+1  tA+IS|+1 t(A+1)+1

|Figure 6




PSACK = n[1l|ZwJ.Uj

n=t%

., =W.=4a.,d. =Db ] €
P 3 50 4 (5
y=A-D

Karp [19] and Figure T.

S T-S
[ 1
f f
b A
PSACK « n|1|L___<0|}w.C.
max 373
n=t+ 1
., = W. = a. d. = A+ 1
Pt TV T % %
P4 =1, w, =0, dn =Db + 1
Y= L kem e %% T AP

Figure 4. We have for a feasi

| that Zjes as

T, the value of ijcj is not

(cf. the proof of Theorem 3(b

|j € T-8}) on M

1505 = Ljer 23% =

Lj ke, sk 5% * L
y-L, 2V

equivalence follows immediate

19
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(d)

KNAPSACK « n|1|[§wJ.Tj
n=t+t'
Pjq = T F @y, Wy =T +ag+ 1, dj =tt+b (jeT)
pj1 =T, Wj =1+ 1, dj =tt+b (jJ¢T)
yo=3t(t" + Dl + 1) + (t' + 1)1(A - b) + ¢
where
tt= 2(t + 1)(A - D) + 3t(t + 1)a2

T > 2t' + A

Given a processing order T (m(1),...,m(n)), we may assume that the

jobs are scheduled without interruption from 0 to zj pJ.1 =nT + A; any
other schedule can be improved by removal of the idle machine time.
It is easily seen that KNAPSACK has a solution if and only if

there exists a processing order T such that C“( = tT + b. Defining

t)

= - - < < -
c, Cn(t) (tt + b), we have -b ¢, < A -Db for any schedule m. We

will show that
(4) c. =0 = 3’ c o

B >0 = )w.T. >
(B) e ) ity 7Y

(c) e, < o = zijj >y
which proves the equivalence of KNAPSACK and this n|1]|ZWjTj problem.
First, we will derive some important inequalities. Defining as = 0

=A-b-c . Since w. = p., + 1
m J

for j ¢ T, we note that Zj>t a 31

m(3)
for all j, we have
. N P =
(1) zJ>t wﬂ(J)( H(J) n(t))
= ). . Sy - + ). C ,.y~-¢C
ZJ>t pw(J)1(Cn(J) Cn(t)) zg>t( m(J) n(t))
In the first term, the processing times appear as weights (cf. reductions
(e,b)). This implies for any processing order (w(t+1),...,m(n)):
- = . + . + =
(2) zj>t Pn(j)1(cn(j) Cn(t)) zt<3sk5n(T an(J))(T aﬂ(k))
- 1 2 ' - -
= 3t'(t" + 1)12 + (' + 1)t(A - D cﬂ) + Zt<jsk5n an(j)an(k)
where the last term is trivially bounded by

(3) 0% Licscpen Bn(3)Bnx) S 28(6 + e
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;0 the second term in (1), we have for any schedule w that
c,.,.>¢C + (3 -t t < J <
n(§) 2 On(e) * G- 0T (b <dsn)

there exists a schedule m such that

IA

Cr(3) T ey ¥ - B (b cdsel)
cﬂ(j) < Cn(t) +(j-t)r+ (J-t")(A-b - cn)/t (t' < j < n)

aightforward calculations now show that

v

Zj>t(cn(j) - Cﬂ(t)) 2t (e + 1)1 for any T3
Zj>t(cﬂ(j) - Cﬂ(t)) < 3t'(s' + 1)t + 3(t + 1)(A - b - c ) for some T-

>ining (1,2,3,4,5) and the definitions of y and t', we obtain

v

zj>t Wﬂ(j)(cﬂ(j) - Cn(t)) y - (8" + N)te, -t for any T5

IA

y - (t' + 1)TcTr - 3t + 1) for some T-.

Lise ¥n(5) Cais) ~ Cae))

sn a processing order T, the tardiness of job J“(j) is equal to

c
i
Tn(3) = mex(0:Cr(5) = Cae) * o

It c, = 0, then the Jobs dn(1)”"’Jn(t) are completed before the

date and the remaining ones are completed thereafter. By virtue of

, these late jobs can be ordered in such a way that
w.T. = ). W ,.\\C ,.y = C <
5T5 = Lt W(J)( m(J) n(e)) <V
< < - ' 1 1

If 1< c. < A - b, then the jobs Jn(t)""’Jv(n) are late. Applyilng

we find
T2 ). A{C .y = C + . Ly 2

ZWJ J zJ>t wﬂ(g)( m(J) w(t)) cwszt Yr(3)

y - (t' + 1)'rc1T -t' 4+ (£ + 1)(7 + 1)cTr

v

=y -t"+ (t'" + 1) >y

If -b < ¢ £ -1, then the jobs Jﬂ(1>,...,J ( finish in time. It

T m(t)
lows from (6) and the choice of 1 that

DwsTs = Doy w5y (i) - Crte)) * Crlist Vn(y) >

y - (t' + 1)'rc1T -t' 4+ (' (T + 1) + A)c1T

\Y

y-t'"=-(1-1t"- A)cTr >y




JAPSACK « n|1|r_20,w.=1|)w.C.
n 373

=t +t' +u+

rs =0, pj1 =T + 2 (; €T = {1,...,t})
rs = 0, Py =T (3 € T = {t+1,...,t+t'})
rs = 0, Pyq =V (j € U = {t+t"+1,...,t+t"+u})
r, = tT + b, Poq = 1
y= v+ Iu(u + 1)v
lere
t' = t(t + 1)a,
o= (" + 1)+ 1) +t'
u = z(t+t")(t+t"+ N+ (t+ 1)1
v = ulo + 1)
o = zj¢U P., = (£ +t")T + A+ 1

F KNAPSACK has a solution, then ZJGS a; = b for some S © T. Defining

= {t + j|j e T-S} ¢ T', we have for a processing order ({Jj|j e S'},
rj]j e S}, I, {lej e T'-S'}, {lej e T-S}, {Jj[j e U}) that

ngu Cs = Liesrus G5 % Cn * Lic(mrost)u(ros) ©;

23'1 Jlt+a) +tT+b+ 1+ ZJ:E:: (Jt+Db+ 1)+ ZJ -1 98, =

IA

It +t")(t +t"+ D)1t + 11+ (" + 1)(b+ 1) + t(t + 1)a* = u

1d

_ vJ=u

zjﬁU Cj = J—___.](O + jU) = uo + %u(u + 1)\)

;nee,
zj Cj <u+uw + 3ulu+ =y

mversely, if zj Cj < y for some schedule, we plaim that
) {Jj|j ¢ Ul precedes {Jj]j e U},
) Bj < 0 for some j € U;
') exactly t jobs precede Jn;
) B, = tt +Db.
follows from (4) and (B) that {Jj[j ¢ U} is scheduled without inter-
ption from O to o. By (C) and (D), exactly t jobs from {Jj[j e TuT'}
cupy a period of length tT + b. This implies that KNAPSACK has a

lution, as is easily seen.




We now turn to the proofs of (4),

(4) If Jj" J!

L

If B. >
J

v

(B) o for all

zj Cj > zjeU Cj >
Since zj C.
know that
(c)

< u.
JéUJ v

IfF0O<s <t -1,

zjéU Cj 2 23_1 Jt

Csy + zjeU c,

>ulo + 1) + Iu(u + 1)v

<y and, by (4) and (B), }. . C. 2

23

(3)3 (C)a and (D)‘

¢ U, succeeds some Jj’ j € U, then we have

>u + sulu+ 1v=y

j € U, then we have

y

5¢u C; us + zu(u + 1)v, we now

Let exactly s jobs from {J IJ € TUT'} precede J .

then we have

+tT + Db+ 1+ ZJ "Gt (b -s)T +Db+ 1) =

—s+1

u-t'+ (t+t" =s)(t-s)t+(t-s)(b+1)>

>u-=-t'"+ (" + 1)1 >u

IfFt+1<ss<t+1t',

then we have

j: J-—‘t,+t . =
zjéU Cj > 2521 jr+st+ 1+ ZJ —s+1 (3t + 1)
=u+(s-t-1t+t+t'-8s+12

>2u+ 1>

u

(D) DNote that Bn > r, = tt + b. If Bn > tT +.b, then we have
3 1]
=t s + Db+ 2+ = Ly 4 2) =
Zj¢U Cj > z =1 I7 tt ZJ=t+1 (J )
=u+ 1> u

is completes the proof of

Theorem L.

nark. In the last two reductions the size of the scheduling problem depends
A and a,. It can be questioned if these reductions are truly polynomial-

unded:
mal in A and a_ and thus exponential in the length of the KNAPSACK input

in some encodings the length of the scheduling input string is poly-

ring, the latter one being proportional to log,a, . We may settle this ques-

on, however, by characterizing a subset of jobs with identical data (Pjr’

’rj’dj) by its cardinality and a single copy of the data.




i

he NP-completeness proofs for the problems with a no wait assumption are
rased on the well-known relation between these problems and the TRAVELLING
JALESMAN problem of finding a minimum weight hamilton circuit in the complete
lirected graph on the vertex set V with weights on the arcs.

Given an n|m|F,n0 watt|k problem, we define c., to be the minimum length

Jk
»>f the time interval between Bj and Bk if Jk is scheduled directly after Jj'

[f we define

r _ r=i

:8) Qi 7 zr=1 Por

[t is easily proved (cf. [29;30;38;26]1) that

}

9) Cjk = max

1<ismt3i T % -1
"inding a schedule that minimizes Cmax is now equivalent to solving the TRAV-
"LLING SALESMAN problem with V = {0,...,n} and weights ¢ 50 defined by (9) and

W Coq = 0, cpg = Qg for 2 # 0.

'HEOREM 5. DIRECTED HAMILTON PATH Zs reductble to the following problems:
‘a) n|m|F,no wa7,1;|Cmax
'b) n|m|F,no wait,wj=1|2ch.

J
Proof.
(¢) DIRECTED HAMILTON PATH « n|m|F,no0 waitlcmax
Given G = (V,A), we define
n = |V]|
m=n(n-1) +2
A1l jobs have the same machine order (M1,M2,...,Mm?1,Mm). To each pair
of Jjobs (Jj,Jk) (j,k=1,...,n, j # k) there corresponds one machine

M, = Ml(j,k) (i =2,...,m-1), such that for no J, some M1(j .

-

follows an M1(2 K)* Such an ordering of the pairs (j,k) can easily be
3

) directly

constructed. Due to this property of the ordering, partial sums of the

processing times can be defined unambiguously by

,

ip + A if i = 1(2,k) and (2,k) € A
i+ A+ 1 if i = 1(2,k) and (2,k) ¢ A
q,; = {in - A if i+1 = 1(5,2) and (§,2) € A
ig = A =1 if i+1 = 1(j,2) and (j,2) ¢ A
L iu otherwise
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L=1,...,my £ = 1,...,n, where

>
v

1
2\ + 3

=
v

srocessing times are given by (cf. (8))

Pe1 T 91

Ppi = Qi - Y 4o (2= 2s-.m)

1gh the choice of u, these processing times are all strictly positive
zers.

We can now compute the cjk’ as defined by (9). Through the choice

, it is immediate that Qi = Y -1 is maximal for i = 1(j,k). Hence,

e =l m*2x if (j,k) € A
Jk u+2x+2 if (j,k) ¢ A

2 g, = mu for all Jl’ it now follows that G has a hamilton path if
snly if this n|m|F,no wait[Cmax problem has a solution with value

Cmax < (n-1(p+2)) +mp

JTED HAMILTON PATH « n|m|F,no wait,wj=1|ZW.C.
5 a hamilton path if and only if the n|m|F,no0 wait,wj=1IZWjC. prob-

J
constructed as in (a), has a solution with value

zj Cj < 3n(n - 1)(p + 2)) + nmu

O




>, CONCLUDING REMARKS

The results presented in section L4 offer a reasonable insight into the loca-
;ion of the borderline between "easy" and "hard" machine scheduling problems.
Jomputational experience with many problems proved to be NP-complete confirms
’he impression that a polynomial-bounded algorithm for one and thus for all
)f them is highly unlikely to exist. As indicated previously, NP-completeness
hus functions as a formal justification to use enumerative solution methods
iuch as branch-and-bound.

Most classical machine scheduling problems have now been shown to be
jolynomially solvable or NP-complete. Some notable exceptions are indicated
'y question-marks in Table I. They are briefly discussed below.

As to the nl1|wj=1|ZWjTj problem, there is impressive computational
wwidence that this problem is extremely difficult. Although the equality of
he weights leads to stronger elimination criteria, problems with thirty Jobs
1y already require large amounts of computer time when attacked by the best
wailable branch-and-bound methods [10332]. We strongly suspect that this
roblem is NP-complete. This would indicate a major difference between the
:WjTj and ZWjUj pfoblems, as demonstrated by Table I. Our NP-completeness
yroof for the n|1]|2ijj problem depends on the permitted inequality of the
reights and furthermore all due dates are equal, in which case we can solve
‘he n|1|wj=1|2ijj problem by ordering the jobs according to nondecreasing
rocessing times (cf. [32]1). Thus no straightforward extension of this proof
.8 possible.

With respect to the n|1lprec,wj=1I2ijj problem, it has been indicated
hat W.A. Horn [13] and J.B. Sidney [33;3L4] have developed good algorithms
0 cover precedence constraints that are as a matter of fact slightly more
omplicated than #ree. In both cases, no extension to general precedence
onstraints seems possible and our guess is that these researchers have in-
eed reached the aforementioned borderline.

The complexity of the n|3|F,no wat¢|C__  and n|2|F,no wait,wj=112chj
roblems is not clear. To stimulate further research, we will award a wooden
hoe to the first scientist who finds a polynomial-bounded algorithm for any

ne of these problems.

The question of the complexity of the n13|13prec,pj1=1lcmax problem has
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1 raised already in the remarkable paper by J.D. Ullman [37]. Knowledge
ut the complexity of the n|2lI,prec,pj1=1,wj=1|ZWjCj problem, not included
Table I, would also more precisely locate the borderline for problems on
ntical machines.

The results of section 4 could be extended and refined in numerous other
s as well. To mention just one possibility, it might be investigated if
blems that are in P if pjr=1 remain in P if TSpjrSP*, However, any such
ult would probably be more of theoretical than of practical use, whereas
d algorithms for problems with equal processing times often find applica-
n in lower bound computations for more complicated problems (e.g., see
]). Similar remarks apply to a number of other refinements.

Finally, the general observation that membership of P versus NP-complete-
s only yields a very coarse measure of complexity is valid with regards to
uencing problems as well. On one hand, the question has been raised whether
ynomial algorithms are really good [1]. On the other hand, there are impor-
t differences in complexity within the class of NP-complete problems; we
e that a branch-and bound approach to the n|1|rj20|LmaX problem has figured
cessfully within a lower bound computation for the nlm[G]Cmax problem [2].
eloping a measure that allows further distinction withing the class of hard

blems remains a major research challenge.
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